arXiv:1508.05621v2 [math.AG] 21 Jul 2016 


ANALOGUES OF GERSTEN’S CONJECTURE FOR SINGULAR 

SCHEMES 

AMALENDU KRISHNA, MATTHEW MORROW 


To appear in Selecta Mathematica. 

Abstract. We formulate analogues, for Noetherian local Q-algebras which are not 
necessarily regular, of the injectivity part of Gersten’s conjecture in algebraic K- 
theory, and prove them in various cases. Our results suggest that the algebraic 
AT-theory of such a ring should be detected by combining the algebraic AT-theory of 
both its regular locus and the infinitesimal thickenings of its singular locus. 
Keywords: Gersten’s conjecture. Algebraic AT-theory, Singular schemes. 

2010 MSG: Primary 19E08; Secondary 14B05. 


1. Introduction 

If A is a regular local ring, then Gersten’s conjecture, which is a theorem if A 
contains a held, predicts that the map Kn(A) —iG„(FracA) is injective for all n > 0, 
where FracA denotes the held of fractions of A. The aim of this note is to explore 
certain analogues of this injectivity conjecture in the case when A is singular, by 
taking into account nilpotent thickenings of its singular locus. In the case that A is 
one-dimensional, this problem was hrst considered by the hrst author when n = 2 [6], 
and later by the second author in general HD]. In this note, we extend some of our 
earlier results to higher dimensions. We hope that our results indicate the existence 
of, and stimulate work towards, a more general, undiscovered framework for a form of 
Gersten’s conjecture in the presence of singularities. 

An illustrative example of such an analogous injection is our following result for cone 
singularities. 

Theorem 1.1. Let k be a field of characteristic zero and Y a smooth projective 

variety; let C ^ cone over Y and (A, m) the local ring at the unique 

singular point of C. Then, for any n > 0, the map 

KniA) —)■ A„(A/m^) © A„(Spec (A) \ {m}) 
is injective for r S> 0. 

Unfortunately, as we shall see in Example 12.41 the conclusion of the theorem does not 
hold for general isolated singularities, even in dimension one. To obtain a conjecture 
which is plausible in general, one should replace Spec (A) \ {m} by a resolution of 
singularities X —)■ Spec (A), and then consider A-groups relative to the exceptional 
locus and hbre. 
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Conjecture 1.2. Let A be a Noetherian loeal Q-algebra, I A an ideal, n G Z, and 

Y - 

Spec {A/1) —)■ Spec (X) 

an abstract blow-up square in which X is regular. Then the canonical map 
Kn{A, I) Kn{A/r, I/r) © Kn{X, X^ed) 
is injective for r S> 0. 

The conjecture is true by elementary X-theory if n = 0 or 1; see Example I2.21 We 
prove the following cases of this conjecture in this paper. 

Theorem 1.3. The conjecture is true if A is quasi-excellent and 

(i) n = 2; or 

(ii) Tfed is regular and n > 2. 

In both cases of the theorem, we prove the stronger assertion that the canonical 
sequence of pro abelian groups 

0 ^ K^A, I) , I/r)}r © K^{X, Wed) ^ {Kn{rY, Wed)}. ^ 0 

is short exact, where rY := X A/Y. Indeed, pro cdh descent [H Theorem 3.7] for 
X-theory implies the existence of a long exact Mayer-Vietoris sequence of pro abelian 
groups 

• ■ ■ A Kn{A, I) {Kn{A/r, I/r)}r © Kn{X, Wed) ^ {Kn{rY, Wed)}. ^ ' 

and therefore the injectivity assertion of the conjecture is equivalent to the vanishing 
of the boundary maps d. In the cases of the theorem we can show hrstly, using 
pro Hochschild-Kostant-Rosenberg theorems, that {X„+i(rW Wed)}, is supported in 
Adams degrees > n and secondly, by classical results of Soule [ 13 ] and Nesterenko- 
Suslin [T2|, that Kn(A, I) is supported in Adams degrees < n up to bounded torsion; 
see Section [3] for the details. This forces d to be zero. 

1.1. Notations and hypotheses. We work primarily in the generality of quasi- 
excellent, Noetherian Q-algebras, since restricting attention to finite type algebras 
over a characteristic zero field would only slightly simplify some of the proofs. All 
rings appearing are commutative and Noetherian. 

All (relative) Hochschild, (relative) cyclic and AndrWQuillen homology groups will 
be assumed to be over Q unless we specify the base ring explicitly. 

The Adams eigenspaces of a X-group Kn{A) are denoted by Kn\A) := {x G Kn{A) : 
= fc*x for all A; > 0}, and similarly for relative groups, for schemes, and for 
Hochschild and cyclic homology. 

Pro abelian groups (always indexed over N) are denoted by {G^}.- We will repeatedly 
use, without explicit mention, that if G is an abelian group and G —?• {Gr}r is a map 
of pro abelian groups (i.e., there are compatible maps G ^ Gr for all r > 1), then 
G —)■ {Gr}r is injective if and only if G —?• is injective for r S> 0. 
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2. Injectivity assertions for A-groups of desingularizations 

In this section, we state various injectivity assertions for the algebraic A-theory of 
singular local schemes in terms of their desingularizations. We explain the relations 
between these assertions and give examples showing that some of them do not hold in 
general. 

Let A be a Noetherian local ring and let / C A be an ideal such that V{I) contains 
the singular locus of Spec (A). We shall say that a commutative diagram 

(2.1) Y - 

/ 

Spec (A/J) —)■ Spec (A) 

of schemes is a resolution square, or resolution of A, if and only if it is an abstract blow¬ 
up square (i.e., it is Cartesian, / is proper, and the map f : X \ Y Spec (A) \ V{I) 
is an isomorphism) and X is regular. 

Fixing n E we may then consider the following statements, each of which asserts 
in some sense that the A-group A„ is captured by a combination of generic regular 
and nilpotent singular data: 

(l)n the map A„(A) —)■ A„(A/A) © A„(A) is injective for r S> 0; 

{2)n the map KJ^A, I) —)■ Kn{A/F, //A) © A„(A, l^ed) is injective for r S> 0; 

(3) „ the map KJ^A) —)■ Kn{A/F) © A„(Spec A \ V{I)) is injective for r 0; 

(4) „ the map A„(A) —)■ Kn{rY) © A„(A \ Y) is injective for r 0, where rY : = 

X XaA/F. 

Although assertion (3)„ does not require the existence of the resolution square, it 
appears to be difficult to study in any other way. 

Associated to the resolution square there is a commutative diagram of pro spectra 

(2.2) A(A)- >K{X) 

{K(A/n}r ^ {A-(ry)},. 

We will say that the square fl2.ip satishes the pro Mayer-Vietoris property in A-theory 
if and only if the square fl2.2l) of pro spectra is homotopy Cartesian (concretely, this 
means that the associated pro abelian relative A-groups are isomorphic). This is 
known to be true if A is a quasi-excellent Q-algebra [H Thm. 3.7], or if A is essentially 
of hnite type over an inhnite perfect held having strong resolution of singularities [H 
Thm. 3.7], or if A —)• Spec A is a hnite morphism (a consequence of [HI Corol. 0.4]), 
and conjecturally it is true in general for any abstract blow-up square of Noetherian 
schemes. Assuming that the square fl2.ll) satishes the pro Mayer-Vietoris property 











4 


AMALENDU KRISHNA, MATTHEW MORROW 


in i^-theory, there are resulting long exact Mayer-Vietoris sequences of pro abelian 
groups: 

(2.3) -^ Kn{A) {Kn{A/r)]r © Kn{X) {K^{rY)]r • 

and 

(2.4) 

-> K„(A,I) {K^ir, //r)}, e k„(x, y,ej) ^ {k^tY, 1'.^)}, ^ . 

Lemma 2.1. For a resolution of A as in 112.1\} . and n G Z, the following implieations 
hold: 

(i) If the map Kn+i{A) —)■ Kn+i{A/I) is surjective, then (l)n (2)n- 

(ii) (l)n&(4)n ^ (3)n ^ (l)n- 

If we assume moreover that the resolution square satisfies the pro Mayer-Vietoris prop¬ 
erty, then the following implieations also hold: 

(iii) If the map Kn+i{X) —)■ Kn+iiY^ed) is surjective, then (2)n (I)n- 

(iv) (3)n U)n- 

Proof. The claims (i) and (ii) are completely elementary, noting in (i) that the assump¬ 
tion implies Kn{A,I) C Kn{A) and in (ii) that X \ Y = Spec A \ V{I). Now assume 
that the resolution square has the pro Mayer-Vietoris property. 

(iii) : By fl2.4l) and (2)„, the map 

{Kn+l{A/r, I/r)}r © i^n+l(X, V,ed) ^ {i^n+l(rV, Vred)}r 

is surjective. But the assumed surjectivity of Kn+i{X) —)■ Kn+iiYj-g,^) implies that the 
maps Kn+i{X) —)■ Kn+i{rY) and Kn+i{rY, V-ed) Kn+i(rY) are jointly surjective for 
any r > 1, and so it follows that {Kn+i{A/F)}r © Kn+i{X) —)■ {Kn+i{rY)}r is also 
surjective. Now fl2.3p completes the proof of (!)„. 

(iv) : It follows from fl2.3p that the map 

{Ker(i^„(hl) ^ K^{A/r))]r {Ker(i^„(X) ^ K^{rY))]r 

is surjective, after which the implication is an elementary consequence of the identih- 
cation V \ V = Spec A \ !/(/). □ 

Example 2.2 {n = 0,1). We claim that (l)i, (2)i, and (3)i are true. Indeed, the kernel 
A of the restriction map 

A = r(SpeC A, OspecA) ^ r(SpeC A \ V{I), OgpecA) 

is supported on V{I), hence annihilated by a power of I. It then follows from the 
Artin-Rees lemma that A fl /^ = 0 for r ^ 0, i.e., that the map 

A ^ A/r © r(Spec A \ V{I), OspecA) 

is injective. Taking units and using the split determinant map Ki Gm, which is an 
isomorphism for any local ring, proves that assertion (3)i is true. Hence assertion (l)i 
is true by Lemma [2.11 Since A is local, the map K 2 {A) —)■ K 2 {A/I) is surjective and 
hence (2)i follows again from Lemma [2. II 

We claim also that (l)o, (2)o, and (3)o are true; these are easy consequences of 
Ro(A) = Kp{A/r) = z. 
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Assuming that the resolution square satishes the pro Mayer-Vietoris property for 
A-theory, Lemma [2.If iv) implies that assertions (4)i and (4)o are also true. 

Example 2.3 (n < 0). Assume n < 0. Then (4)„ becomes vacuously true since Kn{X) = 
0. Also, (1)„ and (3)„ become the identical statement that Kn(A) Kn{A/I) is 
injective, since negative A-groups of rings are nil-invariant. Similarly, (2)„ becomes 
the assertion that Kn{A,I) —)■ A„(A, Yred) — A^+iCLi-ed) is injective. 

Based on the known results when A is one-dimensional, which we will review in the 
following subsection, it remains plausible to conjecture that (2)„ and (4)„ might be 
true in general. Our goal in this note is to prove two cases of (2)„ and to prove (1)„ - 
(4)„ for cone singularities. 

2.1. The one-dimensional case. We now collect together the known results in the 
case that A is one-dimensional and its desingularization is obtained by normalization. 

Let (A, m) be a one-dimensional, Noetherian local ring such that Spec A \ {m} is 
regular, i.e., Ap is a held for each minimal prime ideal p C A. Let Aj-ed denote the 
normalization of A^ed- Assume that the normalization map Aj-ed —t A := Aj-ed is hnite. 
Then A is a regular, one-dimensional, semi-local ring, and 

Spec A/mA-s- Spec A 


Spec A/m-Spec A 

is a resolution square which satishes the pro Mayer-Vietoris property. Assuming that 
A contains a held, we make the following assertions about this resolution square: 

• ( 1)2 is not necessarily true; 

• {2)n is true for all u G Z; 

• ( 3)2 is not necessarily true; 

• {4)n is true for all u G Z; 

Firstly, (4)„ is true since the validity of Gersten’s conjecture in the geometric case 
implies that A„(A) —)■ A„(Spec A \ V(mA)) is injective. 

Secondly, it now follows from Lemma [2AT iL that ( 1)2 and ( 3)2 are equivalent; in the 
next example we will provide a particular choice of A for which ( 3)2 fails. 

We now show that (2)^ is true for all n G Z; in fact, this was proved in [TOl Thm. 2.7], 
inspired by the case n = 2 [6l Thm. 2.9], under the extraneous assumption that A was 
reduced. Indeed, it was shown [101 Corol. 2.6] that the canonical map A„(A, 911) —)■ 
{A„(A/9Jt^',91l/91F)}r is surjective for all n > 0, where 911 = VnxA is the Jacobson 
radical of A; it is also surjective if n < 0, since the codomain vanishes by nil-invariance 
of negative A-theory for rings. Hence fl2.3l) breaks into short exact sequences, proving 

(2)n- 

Example 2.4. Let fc be a held of char 7 ^ 2 and A = fc[A, V](x,y)/(V^ — A^(A -|- 1)) 
the local ring at the singular point of the nodal curve = X‘^{X + 1). Then A is a 
domain, with hnite normalization map since it is essentially of hnite type over a held. 
However, assertion ( 3)2 fails: the map A 2 (A) —)■ A 2 (A/rri'’)©A 2 (FracA) is not injective 
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for any r > 1. The proof may be found in [TTl Prop. 2.12] and relies on the fact that 
K^{A) —)■ K'i{A/mA) = K‘i{k) © K^{k) can be shown not to be surjective. 

3. Vanishing oe some relative Hochschild and cyclic homology 

This section, where we establish some vanishing results for relative Hochschild and 
cyclic homology groups, is at the heart of the proofs of our main results. The following 
preliminary lemma may be ignored by readers who are only interested in the case of 
hnite type algebras (“smooth” means “localisation of smooth, finite type”): 

Lemma 3.1. Let f : A ^ B be a surjection of regular, local Q-algebras. Then it is 
possible to write A = lin^ . Ai and B = lin^ . Bi as filtered inductive limits of smooth, 
local Q-algebras, in such a way that f = lin^ . fi where fi : Ai ^ Bi are compatible 
surjections. 

Proof. Choose a regular system of parameters ti,... fid of A such that / := Ker/ is 
generated by ti,...fic for some 0 < c < d = dimH. According to Neron-Popescu 
desingularization, A may be written as a hltered inductive limit hm.^^Aj of smooth, 
local Q-algebras such that the homomorphisms 0* : Aj —)■ A are local. Let rrij = 
(f)~^{xx\.A) denote the maximal ideal of Aj. Possibly after discarding part of the bottom 
of this inductive system, we may assume that I has a minimal element io and that the 
elements ti, ... fic may be lifted to ti, ... fic E miQ. Set Bi = Ai/ (Q, ... fifi. 

The choice of ti,... fic E A implies that the images of ti,... fic in mi/m] are linearly 
independent over Aj/rrij. In particular, their images in Aj form part of a regular system 
of parameters. This proves the lemma. □ 

Remark 3.2. It was remarked by the referee that Lemma [3.11 holds for surjective maps 
A —)■ H of regular algebras containing any held. But we do not use this generalization 
here. 

Proposition 3.3. Let Y ^ X be a closed embedding of regular, Noetherian Q-schemes 
of finite Krull dimension. Then the pro abelian group {HCfirY,Y)}r vanishes for 
0 < i < n. 

Proof. By the Zariski descent of cyclic homology (see |2l Thm 2.9] for schemes essen¬ 
tially of hnite type over a held and [15] for general Noetherian Q-schemes), we may 
assume that X = Spec R is affine, with Y dehned by an ideal I Y R-, note that R and 
R/I are regular. 

The usual map of mixed complexes (C'^(—), b, B) —)■ (HI, 0, d) is an isomorphism on 
the associated Hochschild homologies both for R and R/I, by the usual HKR theorem 
[3 Thm. 3.4.4], and for the pro ring R/I°° by the pro HKR theorem [9], Thm. 3.23]. 
There are therefore induced isomorphisms of the associated cyclic homologies and of 
the relative homologies; in particular, 

for 0 < i < n. 

Hence, to complete the proof, we may show that the canonical projection —)■ 

is a quasi-isomorphism for each r > 1. If / is generated by a regular sequence 
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and R is essentially of finite type over a snbfield K O whence S := R/I is formally 
smooth over K, then it is well-known (e.g., [U Lem. II. 1.2]) that the J-adic completion 
of R is isomorphic to 5'[[Ti,..., Tc]]. In particniar, R/F = S'[Ti,..., Tc]/ (Ti,..., TcY 
admits the strnctnre of a positively graded iL-algebra with degree zero component S, 
and so it follows from the Poincare Lemma [T6l Corol. 9.9.3] that ^ (even 

thongh the base held for these Kahler differentials is Q, not K). In general, we can 
easily rednce to this case, by nsing Zariski descent to assnme that R is local and by 
then applying Lemma [3. II □ 

The following two resnlts are a modihcation of the previous proposition when Y is 
replaced by a normal crossing divisor. A strict normal crossing divisor on a regular 
affine scheme Spec {R) is a closed subscheme dehned by a non-zero-divisor of the form 
• • • tc, where ti,... ,tc E R have the property that for each prime ideal p E V(ti ■ ■ - tc), 
those of the ti which belong to pRp form part of a regular system of parameters of R^. 
A normal crossing divisor on a regular scheme is a divisor which etale locally is a strict 
normal crossing divisor. 

Lemma 3.4. Let R be a regular, local Q-algebra and let f E R be a non-zero-divisor 
for which the de Rham differential d : fR/pR —)■ R/ fR is injective. Then: 

(i) HhP{R/ fR) = 0 if i < n/2 (unless i = n = 0). 

(ii) {HhP{R/PR, fR/PR)}r = 0 if i < {n l)/2 (unless i = n = 1 or 
i = n = 0). 

(hi) {HCL^\R/rR,fR/PR)}r = 0^fn> 2. 

Proof, (i): Since R is geometrically regular over Q (since it is regular) and / is a non¬ 
zero-divisor, the cotangent complexes Yr and hR/fR\R of Q —)■ i? and R —?■ R/fR are 
respectively equal to and {fR/pR)[l], whence it follows from the Jacobi-Zariski 
sequence that the cotangent complex L^R/fR of Q —)■ R/fR is quasi-isomorphic to the 
following chain complex of flat modules: 

R/fR E- fR/pR E- 0. 

More generally, for any i > 1, the exterior powers and ^^R/fR^R are respectively 
equal to and (/*i?//*+^i?)[i], and it follows from the Kassel-Sletsjpe spectral se¬ 
quence [SI Thm. 3.2] that is quasi-isomorphic to the following chain complex of 

flat i?//i?-modules: 

(3.1) 

0 ^ n), tSa R/fR ^ fR/ER <— ^ n), ®R r^R/f'R *- fR/r+'R ^ 0 

(where fiR/fi^^R sits in degree j). 

This presentation of the cotangent complex can also be derived from [T] Corol. 3.4], 
which holds more generally for complete intersection ideals in R (see also jH § 5]). 
Using fl3.ip . part of the Andre-Quillen homology of Q —)■ R/fR can be written as 

Di(R/fR) = I 


Ker(d : fR/f+^R -E (^r f-^R/fR) if i = n, 
0 if i > n. 
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It follows easily from the hypothesis on / that this kernel is zero. Finally, recall that 
Dl^(R/fR) = HhI^^-(R/ fR) to complete the proof. 

(ii) : There are short exact sequences of pro i?-modules 

HH<:li{R/fR) {HHl:HR/rR, fR/rR)]r {HHi;\R/rR)]r, 

where the right term vanishes for i < n hy the pro HKR theorem [9[ Thm. 3.23]. 
Moreover, the left term vanishes if i < (n + l)/2 by (i), and hence the central term 
also vanishes. 

(iii) : To save space, we will temporarily use the notation HHn^ for the pro abelian 
group {HHn\R/f^'R, fR/f^R)}r and similarly for cyclic homology. For any n > 3, 
we see from (ii) and the SBI sequence HHn^ —)■ HCn^ —)■ HC^}_2 = 0 that HCn^ = 0. 
It remains to treat the difficult case when n = 2. 

In the SBI sequence —)■ —)■ —)■ HH^\ it follows from (i) that 

the left term vanishes and the right term embeds into {HH'^\r/ f'^R)}^. = 

where we have again applied the pro HKR theorem. Since = {fR/f^R}r with 

the hnal arrow —)■ corresponding to the de Rham differential, there is an 

induced isomorphism 

4 {Ker(d : fR/fR R/r-^R)}r 

(here we have implicitly used the Leibniz rule to identify <S)r R/ f^~^R}r and 
It follows easily from the hypothesis on / that this kernel is zero, and so 

we deduce that =0. □ 

Example 3.5. Suppose that i? is a regular Q-algebra and that f G i? is a non-zero-divisor 
for which R/tR is also regular; then we claim that the hypothesis of the previous lemma 
is satished, i.e., that d : tR/RR —)■ ®r R/tR is injective. 

By Lemma 13.11 and the same reductions as in Proposition 13.31 it is enough to prove 
that d : TS[[T]]/T‘^S[[T]] —)■ S is injective for any regular Q-algebra S. 

But this is clear, since the canonical differential d/dt induces a map of S'[[T]]-modules 
^s[[T]] ‘^'[[T]] such that the resulting composition 

rs[[r]]/Ts|[r]] ^ s ^ S|[r]] s = s 

is given by sT i—)■ s. 

Proposition 3.6. Let X be a regular, Noetherian Q-scheme of finite Krull dimension, 
and letY X he a normal crossing divisor. Then {HCn\rY, K)}^ = 0 for alln>2. 

Proof. Since relative cyclic homology (and each of its Adams summands) satishes etale 
descent (see [21 Theorem 2.9]), the usual induction on the size of an affine cover (note 
that X is quasi-separated) allows us to assume that X = Spec (i?) is affine and that Y 
is a strict normal crossings divisor, dehned hy f = ti ■ ■ - tc ^ R- 

Then part (iii) of the previous lemma will complete the proof, as soon as we show 
that the de Rham differential d : fR/pR —)• ®r R/fR is injective; to check this 
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we may assume that R is local. Considering the commutative diagram 

fR/pR -^ (^R R/fR 

0Li tiR/tfR -^ 0i=i R/tiR, 

it is enough to show that the left vertical and bottom horizontal arrows are injective. 
The left vertical arrow is injective since i? is a unique factorisation domain and the 
elements ti,... ,tc are all distinct irreducibles. The bottom horizontal arrow is injective 
by the previous example. □ 


4. The main results 

We now collect together the vanishing results of Section [3] to prove our main theo¬ 
rems. 

4.1. Proof of Theorem 11.31 Throughout this section we consider a quasi-excellent, 
Noetherian, local Q-algebra A, an ideal I ^ A and a resolution square as in (12. Ih . 

We begin with the following result about the relative i^-groups (which in fact holds 
for any ideal of any local Noetherian ring): 

Lemma 4.1. For any i > n>l, the group kP{A,I) is torsion of hounded exponent. 

Proof. Let T be the category of torsion groups of bounded exponent. By standard 
properties of lambda and Adams operators, the sequence of relative iL-groups associ¬ 
ated to A ^ A/1 yields to an exact sequence 

^ K<;\A) 

in the category of abelian groups modulo T. 

Moreover, since A is local the group kP (A) is torsion of bounded exponent if i > n 
by Soule m § 2 . 8 ] ; the same applies to K^l_i{A/F) if i > n+1. This completes the proof 
in the case i > n+1, and shows that I) = Coker(iL^’^"'j^^(A) —)■ K^f^.^\A/1)) 

modulo T. But this cokernel is zero since K^p^\A) = KP^.^{A) and K^p^\A/1) = 
modulo T by Nesterenko-Suslin [12]. □ 

Lemma 4.2. Fix n>0, and suppose that {Kl^li{rY, fd'ed)}r = 0 for all i < n. Then 

(i) the canonical map of pro abelian groups Wed) —t {iL„+i(rW Wed)}r is 

surjective; 

(ii) assertion (2)n is true, i.e., Kn{A,I) —)■ Kn{A/F, I/F) (B Kn{X,Yred) is injec¬ 
tive for r S> 0. 

Proof, (i): From the long exact sequence 

-^ iF„+i(A, Wed) ^ {/fn+i(rW>;ed)}. ^ {KpX,rY)}r , 

we see that it is necessary and sufficient to prove that the boundary map {dr}r is zero. 
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The square fl2.ip satisfies the pro Mayer-Vietoris property by the results recalled in 
Section[2l and so the canonical map —?• {Kn{X,rY)}r is an isomorphism. 

Passing to Adams eigenspaces yields isomorphisms {Kn\A,F)}r —)■ {Kn\x,rY)}r. 
The surjectivity of this latter map means that if we fix any s > 1, then there exists 
s' > s such that 

ha{Ki:>(X,s'Y) ^ K^\X,sY)) C ^ K'i>{X,sY)). 

It follows from Lemma [d.ll that the right, and hence the left, side is a torsion group of 
bounded exponent if i > n. 

Since rY is a nilpotent thickening of Fredi the relative iP-group (rF, Tj-ed) is 
a Q-vector space which decomposes as a direct sum K^UrY.Y,,^). Our 

hypothesis is that this decomposition, as a pro abelian group over r > 1, has no 
component in degrees i < n. Hence there exists s" > s' such that the canonical map 
A„+i(s'T,ned) ^ K^+i{s'Y,Y,,d) has image in ^ed). 

Assembling the conclusions of the two previous paragraphs, and noting that the 
boundary maps dr respect the Adams operators, we see that the image of the compo¬ 
sition 

Xn+l {s"Y,Yred) Kn+l{s'Y,Yred) ^ Kn{X,s'Y) Kn{X,sY) 

is both divisible (being the image of a Q-vector space) and a torsion group of bounded 
exponent; hence the image is zero. This means that the map {dr}r of pro abelian 
groups is zero. Claim (ii) follows from (i) and the Mayer-Vietoris sequence fl2.4l) . □ 

The following is the first main result of this note, proving assertion (2)„ in certain 
cases: 

Theorem 4.3. Assume either that n = 2, or that Ved is regular and n>2. Then the 
canonical sequence of pro abelian groups 

0 ^ Kr,{A, I) ^ {K^A/r, I/r)}r © Kr,{X, Ved) ^ {K^tY, Ved)}. ^ 0 
is short exact. 

Proof. If Fj-ed is regular then it follows from Proposition 13.31 and the Goodwillie isomor¬ 
phism K^^l\rY,YrQd) — HCn\rY,Yj.ed) that Fi.ed)}r vanishes for i < n. 

From Lemma Sin it then follows that fl2.4p breaks into short exact sequences in positive 
degrees, as required. 

Dropping the regularity hypothesis on Ffed) if follows from resolution of singular¬ 
ities (specifically, since we are not imposing any finite type hypotheses, from [TTl 
Thm. 2.3.6]) that there is an abstract blow-up square 

F'- >X' 


Y -^ A 


in which X' is regular and F^^^ is a normal crossing divisor on X. Repeating the argu¬ 
ment of the previous paragraph with X, Y replaced by X', F', Proposition I3.3l replaced 
by Proposition 13.61 and n replaced by 2, it follows that K 2 {A,I) —)■ K 2 {A/F, I/F) © 
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^/ed) injective for r 3> 1. Hence the map K 2 {A,I) —)■ K 2 {A/F, I/F) 0 
K 2 {X, Hred) is certainly injective. The desired short exact seqnence now follows from fl2.4l) 
and assertion (2)i, which was proved in Example 12.21 □ 

4.2. Proof of Theorem II.11 Let fc be a held of characteristic zero and Y a 

smooth projective variety. Let C ^ be the cone over Y, and let (H, m) be the 

local ring at the nnique singnlar point of C. In the course of proving our second main 
result, we will see that assertions (l)„-(4)„ are all true for the usual resolution of A: 

Theorem 4.4. For any n>Q, the map 

Kn{A) —^ KniA/m') 0 Lf„(Spec (H) \ {m}) 
is injective for r S> 0. 

Proof. Let (7 —)■ C be the usual resolution of singularities, which is a line bundle over 
Y in such a way that the zero section a : Y (7 is exactly the exceptional hbre of 
C ^ C over the singular point of C. 

Let X = C Xc Spec (H) be the associated resolution of singularities of Spec(H). 
Diagrammatically we have the following Cartesian squares: 

AT X Spec (A) Spec (H/m)-^ X-^ C 

Spec (H/m)-)- Spec (H)-s- C 

in which (X Xspec(A) Spec (H/mjjred = Y and the left square and outer rectangle are 
abstract blow-up squares. The left square, which is the usual resolution square for A, 
satishes (2)„ by Theorem 14.31 

Since the canonical inclusion X X is split by X —)■ (7 A- where vr denotes the 
line bundle structure map, we see that X„+i(X) —)■ X„+i(X) is surjective. So it follows 
from Lemma [^HT iiL that the left square satishes (1)„. Since we wish to prove (3)„, it 
is now enough by Lemma [2. If hi to prove that the left square satishes (4)„, which we 
will do by showing that X„(X) KniY) 0 X„(X \ Y) is injective. 

Suppose that a G Kn{X) dies in Kn{X\Y). By comparing the localisation sequences 

K^Y) X„((7)-^ X„((7 \ Y) 

X„(X) ^ X„(X)-. X„(X \ X), 

we see that a is in the image of Kn{C) —)■ Kn{X). But the composition Kn{C) —)■ 
Kn{X) —>■ Kn{Y) is an isomorphism since (7 is a line bundle over X; so if we now also 
assume that a dies in KniY), then it follows that a = 0. This completes the proof. □ 
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